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ABSTRACT
We propose a density-dependent function for the attractive interaction in the original van der Waals
model to correctly describe the flow constraint at the high-density regime of the symmetric nuclear
matter. After a generalization to asymmetric nuclear matter, it was also possible to study the stellar
matter regime from this new model. The mass-radius relation for neutron stars under β-equilibrium
is found to agree with recent X-ray observations. The neutron star masses supported against gravity,
obtained from some parametrizations of the model, are in the range of (1.97 − 2.07)M⊙, compatible
with observational data from the PSR J0348+0432 pulsar. Furthermore, we verify the reliability of the
model in predicting tidal deformabilities of the binary system related to the GW170817 neutron star
merger event and find a full agreement with the new bounds obtained by the LIGO/Virgo collaboration.
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1. INTRODUCTION
The applicability of hadronic equation(s) of state
(EoS) goes from the description of superheavy nu-
clei to the structure of neutron stars. Therefore, a
complete understanding of nuclear physics, as well
as the astrophysics involved in these environments,
is needed. The hadronic EoS is one of the most im-
portant ingredients to correctly predict, for instance,
the mass of a neutron star. This object is one of
the densest in the visible universe, having its den-
sity around 5 − 6 times the nuclear saturation den-
sity (Lattimer & Prakash 2004). It also provides a
unique natural laboratory to test the hadronic EoS pro-
file at the high-density regime (Lattimer & Prakash
2004). Previously, some of the few constraints on the
EoS, coming from the astrophysical context, were the
values of the neutron star mass and the canonical star
radius. Nowadays, the recent observation of the grav-
itational waves detected from a binary neutron star
merger event, named as GW170817 (Abbot et al. 2018)
provides an opportunity to constrain various proper-
ties of hadronic EoS, and to search for more realistic
ones, which will give a clear picture of the physics
of a neutron star. The internal structure of such an
object is a controversial subject since there are indi-
cations of many interesting phenomena like kaon pro-
duction (Glendenning & Schaffner-Bielich 1998, 1999;
Gupta & Arumugam 2012; Glendenning 1985), hyper-
ons emergence (Glendenning & Schaffner-Bielich 1998;
Glendenning & Moszkowski 1991; Ambartsumyan et al.
1960), and the transition to a deconfinement quark
phase (Collins & Perry 1975). Some of them are di-
rectly affected by the value of the bulk parameters, at
the saturation density, given by the hadronic models,
such as the symmetry energy (J), the incompressibil-
ity (K0), the skewness parameter (Q0), and related
quantities. Many works establish constraints on these
quantities, see, for instance, Ref. (Dutra et al. 2014).
As an example, the incompressibility, which defines
the stiffness of the EoS, has a value in the range of
K0 = (240 ± 10) MeV, as found in Refs. (Colo et al.
2004; Todd-Rutel & Piekarewicz 2005; Agrawal et al.
2005), predicted from the isoscalar giant monopole
resonance of the heavy nuclei, or even the range of
250 MeV 6 K0 6 315 MeV, more recently obtained
in Ref. (Stone et al. 2014) from a reanalysis of up-
dated data on isoscalar giant monopole resonance
energies of Sn and Cd isotopes. Some ranges for
K0 are found through a leptodermous expansion of
the finite nucleus incompressibility, with K0 as one
of the terms. However, many works point out to
the drawbacks of such a procedure, see, for instance,
Refs. (Shlomo & Youngblood 1993; Chen et al. 2009;
Pearson et al. 2010). The current consensus regard-
2ing the value of K0 is 220 MeV 6 K0 6 260 MeV, as
one can see in a very recent review on this subject in
Ref. (Garg & Colo 2018), for instance. There are also
a lot of uncertainties in the density dependence of some
of the bulk parameters, such as the symmetry energy,
especially at the high-density regime (Steiner et al.
2005; Li et al. 2008; Lynch et al. 2009; Li et al. 2014;
Horowitz et al. 2014; Baldo & Burgio 2016; Li 2017;
Li et al. 2019).
In this manuscript, we discuss the applicability of our
proposed density-dependent van der Waals (DD-vdW)
model, namely, an improved version of the previous
van der Waals (vdW) model applied to nuclear mat-
ter (Vovchenko et al. 2015a,b; Vovchenko 2017), that
takes into account density-dependent repulsive and at-
tractive interactions. Though the vdW model takes
the description of the nuclear interactions in a simple
way, its predictive capacity is as promising as other re-
alistic relativistic (Walecka 1974; Boguta & Bodmer
1977; Serot & Walecka 1979) and nonrelativistic mod-
els (Skyrme 1959; Vautherin & Brink 1972), since it
can reproduce some basic properties such as the satura-
tion at a specific density, and the liquid-gas phase tran-
sition in symmetric nuclear matter. However, it presents
some limitations like the causality violation at the low-
density regime, which makes it inappropriate to describe
stellar matter. In the DD-vdW model, this problem is
circumvented. The neutron star calculations are per-
formed, including the comparison of the tidal deforma-
bilities of a binary neutron star system with the corre-
sponding data related to the GW170817 event, recently
reported in Ref. (Abbot et al. 2018).
This manuscript is organized as follows: in Sec. 2 we
give an outline of the theoretical formalism that estab-
lishes the basis for a density-dependent version of the
vdW model. In Sec. 3, we discuss its causality limi-
tation and show how its new version, proposed here,
describes nuclear matter at higher densities, includ-
ing the compatibility with the flow constraint predicted
in Ref. (Danielewicz et al. 2002). A generalization to
asymmetric systems is also developed, and special at-
tention is given to stellar matter and tidal deformability
calculations related to the GW170817 event. We finish
the manuscript with a summary and concluding remarks
in Sec. 4.
2. DENSITY DEPENDENT VDW MODEL
By following the calculations performed at zero tem-
perature regime in Refs. (Vovchenko et al. 2015a,b),
the energy density of an infinite symmetric nuclear mat-
ter (SNM) system in the grand canonical ensemble, can
be obtained from the vdW model, as
E(ρ) = (1− bρ)E∗id(ρ∗)− aρ2, (1)
where E∗id is the kinetic energy of a relativistic ideal
Fermi gas of nucleons of mass M = 938 MeV, given
by
E∗id(ρ∗) =
γ
2π2
∫ k∗F
0
dk k2(k2 +M2)1/2, (2)
with k∗F = (6π
2ρ∗/γ)
1
3 , and ρ∗ = ρ/(1 − bρ). The
degeneracy factor, γ = 4 for SNM and b = 16πr3/3,
being r the nucleon hard-sphere radius. The parame-
ters a and b are related to the strength of attractive
and repulsive interactions, respectively, and can be ob-
tained by forcing the model to present a bound state
at a particular density. In the case of infinite nuclear
matter, the binding energy of such state is given by
E(ρ0)/ρ0−M = −B0 at the saturation density ρ0. Usu-
ally, in the mean-field models, the binding energy per
particle (B0 ≈ 16.0 MeV) at the saturation density ρ0 ≈
0.16 fm−3 are well established observables, and constrain
the value of the parameters to a = 328.93 MeV fm3 and
b = 3.41 fm3.
From the structure of the excluded volume mech-
anism, it is clear that the vdW model has a den-
sity range of ρ < ρmax, with ρmax = b
−1. For b =
3.41 fm3, one has ρmax = 1.83ρ0. In order to avoid
such limitations, the repulsive term was modified in
Ref. (Vovchenko 2017), by applying the Carnahan-
Starling (CS) (Carnahan & Starling 1969) method of
excluded volume, in which the pressure of hard-core par-
ticles of radius r is given by P = ρTZCS(η), with
ZCS(η) =
1 + η + η2 − η3
(1− η)3 = 1 +
∞∑
j=0
(j2 + 3j)ηj , (3)
and η = bρ/4. By following this method, the first eight
virial expansion coefficients are obtained, unlike the tra-
ditional vdW excluded volume procedure, where only
two of them are recovered since for this case Z(η) =
(1 − 4η)−1. By taking the CS procedure to the vdW
model, the nuclear matter energy density in the grand
canonical ensemble is written as (Vovchenko 2017)
E(ρ) = f(η)E∗id − aρ2, (4)
with f(η) = e−(4−3η)η/(1−η)
2
and ρ∗ = ρ/f(η). We
name this model as vdW-CS one. For this model,
it is found a = 347.02 MeV fm3 and b = 4.43 fm3
with maximum density given by ρmax = 4b
−1 =
5.64ρ0 (Vovchenko 2017).
3In an effective way, the vdW-CS model can be seen as
a density-dependent model by rewriting Eq. (4) as
E(ρ) = [1− b(ρ)ρ]E∗id(ρ∗)− a(ρ)ρ2, (5)
with ρ∗ = ρ/[1− b(ρ)ρ] and
b(ρ) =
1− f(η)
ρ
=
1
ρ
− 1
ρ
exp

−(4− 3bρ4 )3bρ4(
1− 3bρ4
)2

 . (6)
Thus, the repulsive interaction becomes a density-
dependent function. We generalize this idea to the
attractive part, regulated by the a parameter, by mak-
ing it depending on ρ as well, i.e., we assume a → a(ρ)
in Eq. (5). Therefore, the original vdW model is given
by the particular case in which b(ρ) = b and a(ρ) = a.
For the vdW-CS model, b(ρ) is given by Eq. (6) and
a(ρ) = a.
From the perspective of a density-dependent model, it
is also possible to use Eq. (5) to describe all real gases
models analyzed in Ref. (Vovchenko 2017), namely,
Redlich-Kwong-Soave (RKS), Peng-Robinson (PR), and
Clausius-2 (C2), by identifying
a(ρ)=
a
bρ
ln(1 + bρ) (RKS), (7)
a(ρ)=
a
2
√
2bρ
ln
[
1 + bρ(1 +
√
2)
1 + bρ(1−√2)
]
(PR), (8)
and
a(ρ)=
a
1 + bρ
(C2). (9)
We denote here the last model by Clausius-2 (C2) be-
cause it is a two parameters (a, b) version of the original
Clausius model. A three parameters (a, b, c) version of
such model is studied in Ref. (Vovchenko et al. 2018).
From Eq. (5), the pressure of the system can be writ-
ten as
P (ρ)=ρ2
∂(E/ρ)
∂ρ
= P ∗id − a(ρ)ρ2 + ρΣ(ρ), (10)
with
P ∗id =
γ
6π2
∫ k∗F
0
dk k4
(k2 +M2)1/2
. (11)
Here, a′ and b′ are the first density derivatives of a(ρ)
and b(ρ), respectively. Furthermore, the density depen-
dence of the interactions gives rise to a rearrangement
term in the pressure given by Σ(ρ) = b′ρP ∗id− a′ρ2. The
incompressibility of SNM is calculated as the derivative
of pressure with respect to ρ as
K (ρ) = 9
∂P
∂ρ
=
1 + b′ρ2
[1− b(ρ)ρ]2K
∗
id − 9ρ[2a(ρ) + a′ρ] + 9[Σ(ρ) + ρΣ′],
(12)
where K∗id = 3k
∗2
F /
√
k∗2F +M
2, and
Σ′(ρ)= (b′′ρ+ b′)P ∗id +
(1 + b′ρ2)b′ρ
9[1− b(ρ)ρ]2K
∗
id
−a′′ρ2 − 2a′ρ. (13)
Finally, the chemical potential is obtained from
µ(ρ) =
∂E
∂ρ
= µ∗id + b(ρ)P
∗
id +Σ(ρ)− 2a(ρ)ρ, (14)
with µ∗id = E
∗
F = (k
∗2
F +M
2)1/2. We remind the readers
that the rearrangement term Σ(ρ), originated from the
density dependence of the attractive and repulsive inter-
actions, is an essential quantity in order to preserve the
thermodynamic consistency of the model. It is straight-
forward to see that equations of state presented here
with Σ(ρ) included, give rise to the relation P +E = µρ,
indicating the consistency.
3. RESULTS AND DISCUSSIONS
Since the structure and EoS of the density-dependent
vdW model were presented, we are now able to ana-
lyze in more details the real gases of Ref. (Vovchenko
2017), namely, those given by Eqs. (7)-(9). At present, a
diverse set of nonrelativistic and relativistic mean-field
(RMF) models describe quite well nuclear and neutron
star matter (Dutra et al. 2014, 2012; Lourenc¸o et al
2007; Lourenc¸o et al. 2016). Hence, it is also important
to see how the density-dependent vdW models describe
the same environment.
3.1. Causality analysis from flow constraint
Our first analysis is concerning the flow constraint pro-
posed in Ref. (Danielewicz et al. 2002), in which limits
on the pressure-density relationship of SNM and its cur-
vature can be obtained from the experimental data on
the motion of ejected matter in the energetic nucleus-
nucleus collisions. Measurements of the particle flow in
the collisions of 197Au nucleus at incident kinetic en-
ergy per nucleon varying from about 0.15 to 10 GeV
is used in Ref. (Danielewicz et al. 2002), that extrap-
olated for pressure at the range of 2.0 6 ρ/ρ0 6 4.6,
at the zero temperature. In principle, the CS excluded
volume procedure enables the models to reach values for
4ρmax greater than those found by using the traditional
excluded volume method. However, the causality is vi-
olated at densities lower than ρmax.
We remind the reader that the conventional excluded
volume technique for nucleons are taken into account for
repulsion at short distances by treating them as rigid
spheres in a nonrelativistic context. In a relativistic
framework, as in the case of nuclear matter at high den-
sities, the Lorentz contraction of such hard sphere nucle-
ons should be implemented to avoid causality violation
for any density regions (Bugaev 2008). Thus, the ef-
fect of Lorentz contraction in nucleons can be seen as
a decreasing function of their radius. Effectively, this is
the case of the CS method, since it treats the excluded
volume parameter as a density-dependent quantity, see
Eq. (6). The method identifies the nucleon as a sphere
in which the radius is depending on the density, at least
as a first approach. However, such a density-dependent
is not enough to completely avoid the causality viola-
tion. The sound velocity is still greater than 1 (units of
c = 1) in CS approach, but at higher densities in com-
parison with the case in which conventional excluded
volume procedure (fixed radius) is taken.
In Fig. 1, we show the squared sound velocity, v2s =
∂P/∂E = K/9µ, as a function of the ratio ρ/ρ0 for the
real gases models presented in the last section.
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Figure 1. v2
s
as a function of ρ/ρ0 for real gases for SNM at
zero temperature for (a) fixed excluded volume parameter,
and (b) Carnahan-Starling method. Lower curve: free Fermi
gas of massive nucleons.
It is clear that the repulsive interaction plays an im-
portant role in the causal limit, since it induces its vio-
lation at higher densities. The physical reason of such a
result is that the CS method weakens the repulsive inter-
action as a function of density, producing results closer
to the ones of an ideal gas of massive point nucleons.
The more b(ρ) decreases, the more the nucleons behave
like point particles, since b(ρ) → 0 indicates structure-
less objects.
Even by applying the CS excluded volume method in
the real gases models, the causality is still broken in
the range of 2.0 6 ρ/ρ0 6 4.6 of the flow constraint.
In Fig. 1 we see that v2s = 1 at ρ/ρ0 = 2.5 for the
C2-CS model, for instance. In order to circumvent this
limitation, we implement a modification in the attractive
interaction of the model. A new proposed form for the
parameter a(ρ), is given by,
a(ρ)=
a
(1 + bρ)n
. (15)
It is inspired in the C2-CS model, in which causality is
violated at higher densities in comparison with the re-
maining models. Its repulsive interaction remains the
same, i.e., the CS excluded volume method is consid-
ered. The model with the new proposal for a(ρ) is named
here as the DD-vdW model, with the couplings a(ρ) and
b(ρ) given by Eqs. (15) and (6), respectively. Notice that
for the particular cases of n = 0, and n = 1, the vdW-CS
and C2-CS models are reproduced, respectively. The
squared sound velocity for some values of n is displayed
in Fig. 2.
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Figure 2. Squared sound velocity as a function of ρ/ρ0 for
the DD-vdW model. Results for SNM at zero temperature.
Lower curve: free Fermi gas of massive nucleons.
Notice that the effect of the n power in a(ρ), Eq. (15),
is to weaken the strength of the attractive interaction.
The more a(ρ) decreases, the more the DD-vdW model
approaches to the free Fermi gas of massive particles.
The combined effects of the density-dependent parame-
ters a(ρ) and b(ρ) favor the model to move the causality
violation to higher densities, as one can see in Fig. 2.
3.2. DD-vdW model in symmetric nuclear matter
The n power in Eq. (15) directly affects the in-
compressibility value at the saturation density, K0 ≡
5K(ρ0). Therefore, we can use this parameter to con-
trol the K(ρ0) quantity. We use this procedure to
submit the DD-vdW model to the flow constraint
of Ref. (Danielewicz et al. 2002). The resulting
parametrizations of this model with different K0 val-
ues are shown in Fig. 3.
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FFG
Figure 3. Pressure as a function of ρ/ρ0 for different
DD-vdW parametrizations (different K0 values). Bands:
flow constraint described in Refs. (Dutra et al. 2014;
Danielewicz et al. 2002). Lower curve: free Fermi gas of
massive nucleons.
From this figure, we see that the DD-vdW model sat-
isfies the flow constraint for parametrizations present-
ing 242.4 MeV 6 K0 6 251.5 MeV. All the curves
of Fig. 3 are compatible with the causal limit, i.e., for
each curve exhibited one has v2s < 1. The parametriza-
tion with K0 = 251.5 MeV, for instance, is causal for
ρ/ρ0 6 4.9. Furthermore, all these parametrizations
are also in agreement with the restriction of 220 MeV 6
K0 6 260MeV (Garg & Colo 2018). It is worth to men-
tion that in the recent work of Ref. (Vovchenko 2017),
the results pointed out that none of the other real gases
models produces K0 inside the aforementioned range for
K0. Finally, it is also clear from Fig. 3 that the weaken-
ing effect of the interactions leads the DD-vdW model to
the direction of the free Fermi gas, with full agreement
with the flow constraint. Another approach performed
in the van der Waals model that also makes it to satisfy
the flow constraint, and also the maximum mass obser-
vational data for neutron stars, includes induced surface
tension in its formulation. For details, see (Sagun et al.
2018; Bugaev et al. 2019) and references therein.
3.3. Asymmetric matter formulation
In order to proceed for a complete analysis of
the infinite nucleonic matter, it is necessary to take
the isospin asymmetry system into account, i.e., the
EoS for y ≡ ρpρ 6= 12 . Here ρp is the proton den-
sity. For the original vdW model, a generalization
for different hard sphere particles was performed in
Ref. (Vovchenko et al. 2017), where EoS were de-
veloped for neutron-proton and nucleons-α particles
systems. Here, in order to avoid the emergence of
more free parameters, we consider the same density-
dependent couplings a(ρ) and b(ρ) of the symmetric
matter, Eqs. (15) and (6), for protons and neutrons.
Therefore, the individual components are distinguished
only by their respective kinetic energies. However, as
already discussed in Ref. (Vovchenko et al. 2017) in
the case of a(ρ) = a and b(ρ) = b, the symmetry energy
at the saturation density calculated from this approach,
J ≡ S(ρ0), presents an underestimate value. In order
to avoid such a limitation, we propose a new term in
the energy density of the DD-vdW model, proportional
to the squared difference between protons and neutrons
densities, ρ3 = ρp − ρn = (2y − 1)ρ, as widely used in
some RMF models (Dutra et al. 2014). This new term
can be seen as a simulation of the ρ meson exchange in
its simple form, i.e., a minimal coupling between this
meson and the finite particle nucleon (excluded volume
included). Thus, the asymmetric nuclear matter energy
density is given by,
E(ρ, y) = [1− b(ρ)ρ]E∗id(ρ∗p, ρ∗n)− a(ρ)ρ2 + dρ23, (16)
where E∗id(ρ∗p, ρ∗n) = E∗pid (ρ∗p) + E∗nid (ρ∗n), for E∗iid (ρ∗i ) fol-
lowing the same form as in Eq. (2) with γ = 2, k∗F → k∗iF
and ρ∗ → ρ∗i (i = p, n). The different densities are re-
lated to each other by
ρ∗p =
ρp
1− b(ρ)ρ , ρ
∗
n =
ρn
1− b(ρ)ρ . (17)
The couplings are written as in the previous case, see
Eqs. (6) and (15), respectively, for b(ρ) and a(ρ).
From Eq. (16), we can derive the remaining quantities
for the asymmetric nuclear matter. The expressions are,
P (ρ, y) = P ∗id − a(ρ)ρ2 + ρΣ(ρ, y) + d(2y − 1)2ρ2, (18)
and
µp,n(ρ, y) =
∂E
∂ρp,n
= µ∗p,nid + b(ρ)P
∗
id(ρ
∗
p, ρ
∗
n) + Σ(ρ, y)
− 2a(ρ)ρ± 2d(2y − 1)ρ, (19)
for the pressure, and chemical potentials for protons (up-
per sign) and neutrons (lower sign), respectively. Fur-
thermore, P ∗id(ρ
∗
p, ρ
∗
n) = P
∗p
id (ρ
∗
p)+P
∗n
id (ρ
∗
n) is written as
in Eq. (11) with γ = 2, k∗F → k∗iF and ρ∗ → ρ∗i . The
“ideal” chemical potentials are µ∗iid = E
∗i
F . The rear-
rangement term and its derivative with respect to the
6density are given by Σ(ρ, y) = b′ρP ∗id(ρ
∗
p, ρ
∗
n)− a′ρ2, and
Σ′(ρ, y) =
(1 + b′ρ2)b′ρ
9[1− b(ρ)ρ]2 [yK
∗p
id (ρ
∗
p) + (1− y)K∗nid (ρ∗n)]
+ (b′′ρ+ b′)P ∗id(ρ
∗
p, ρ
∗
n)− a′′ρ2 − 2a′ρ, (20)
withK∗iid (ρ
∗
i ) defined as in the symmetric nuclear matter
case.
By defining the DD-vdW model generalized to asym-
metric matter in this way, there are only four free pa-
rameters to be adjusted, namely, a, b, n, and d. The
first three ones are already determined from the sym-
metric case (reproducing the values of ρ0, B0, and K0).
The remaining free parameter, d, is adjusted in order to
correctly reproduce a bulk quantity of asymmetric nu-
clear matter, namely, the symmetry energy. This quan-
tity measures the change in binding of the nucleon sys-
tem as the proton to neutron ratio is changed at a fixed
value of the density, S(ρ) = E(ρ, 0) − E(ρ, 1/2), where
E(ρ, y) is the energy per particle. A detailed analy-
sis of the quantity is quite important for understand-
ing many aspects of different isospin asymmetric sys-
tems, from astrophysics to finite nuclei. Furthermore,
the symmetry energy slope at saturation density pro-
vides the dominant contribution to the pressure in neu-
tron stars, as well as affects the neutron skin thicknesses
of heavy nuclei (Horowitz & Piekarewicz 2001; Bhuyan
2015; Bhuyan et al. 2018). For a recent review regard-
ing the importance of S(ρ), see Ref. (Baldo & Burgio
2016). By considering E(ρ, y) ≃ E(ρ, 1/2) + S2(ρ)(1 −
2y)2 + O[(1 − 2y)4], one can take S(ρ) ≃ S2(ρ) as a
good approximation in order to compute the symmetry
energy. The S(ρ) of the DD-vdW model can be written
as,
S(ρ) ≃ S2(ρ) = 1
8
∂2(E/ρ)
∂y2
∣∣∣
y= 1
2
= S∗kin(ρ) + dρ, (21)
with S∗kin(ρ) = k∗2F /(6E∗F ) and k∗F = (3π2ρ∗/2)
1
3 .
One can notice that the excluded volume procedure
directly affects the kinetic part of S(ρ) as well as all in
other thermodynamical quantities. The determination
of the d parameter is straightforward since we use the an-
alytical expression of S(ρ) for this aim by imposing our
model to present consistent values for the symmetry en-
ergy at saturation density, J . We find d by constraining
J to the range of 25 MeV 6 J 6 35 MeV. This range
was established in order to encompass data obtained
from various terrestrial nuclear experiments and astro-
physical observations, such as isospin diffusion, neutron
skins, pygmy dipole resonances, modes of decay near the
drip-line, transverse flow, mass-radius relations, and tor-
sional crust oscillations of neutron stars. One can find
a collection of these data in Ref. (Li & Han 2013).
The slope parameter, i.e., the symmetry energy slope
as a function of density, is obtained from Eq. (21) as
L(ρ) = 3ρ
∂S
∂ρ
= ξ(ρ)L∗kin(ρ) + 3dρ, (22)
where
L∗kin(ρ) =
k∗2F
3E∗F
(
1− k
∗2
F
2E∗2F
)
= 2S∗kin
(
1− 3S
∗
kin
E∗F
)
(23)
and ξ(ρ) = [1 + b′ρ2]/[1− b(ρ)ρ]. The advantage of the
specific form of the last term included in the Eq. (16)
is the possibility of an analytical relationship between
S(ρ) and L(ρ) for all densities. Notice that because
d = (S − S∗kin)/ρ, it is possible to write
L(ρ) = 3S(ρ) + S∗kin(ρ)
{
2ξ
[
1− 3S
∗
kin(ρ)
E∗F (ρ)
]
− 3
}
.(24)
At the saturation density, this equation is used to cal-
culate L(ρ0) ≡ L0. The quantity L0 is of great in-
terest for constraining the EoS of asymmetric nuclear
matter in many hadronic models (Baldo & Burgio 2016;
Santos et al. 2015, 2014; Holt & Lim 2018). For the
DD-vdW model, we find L0 in the range of 63.4 MeV 6
L0 6 96.5 MeV, by taking into account the constraint of
25 MeV 6 J 6 35 MeV and the range of 242.4 MeV 6
K0 6 251.5 MeV obtained from the flow constraint anal-
ysis. The obtained values for L0 are in agreement with
the constraint of 25 MeV 6 L0 6 115 MeV used in
Refs. (Dutra et al. 2014; Li & Han 2013).
3.4. Stellar matter
A neutron star (NS) is a very compact object com-
posed not only by neutrons, but also by protons and
leptons. Different reactions such as the β decay, namely,
n→ p+ e−+ ν¯e and its inverse process p+ e− → n+ νe,
take place in the interior of a NS. For densities in which
the electron chemical potential exceeds the muon mass
value, the reactions e− → µ−+νe+ ν¯µ, p+µ− → n+νµ
and n → p+ µ− + ν¯µ may be energetically allowed. In
this case, muons can also emerge. Here, we consider
that all neutrinos escape from the star. By taking these
assumptions into account, one can write total energy
density and pressure of the stellar system, respectively,
as
ET (ρ, ρe, y)=E(ρ, y) + µ
4
e(ρe)
4π2
+
1
π2
∫ √µ2µ(ρe)−m2µ
0
dk k2(k2 +m2µ)
1/2, (25)
and
PT (ρ, ρe, y)=P (ρ, y) +
µ4e(ρe)
12π2
+
1
3π2
∫ √µ2µ(ρe)−m2µ
0
dk k4
(k2 +m2µ)
1/2
, (26)
7where, E(ρ, y) and P (ρ, y) are given in the Eqs. (16)
and (18), respectively. The chemical equilibrium and
the charge neutrality conditions are given by µn(ρ, y)−
µp(ρ, y) = µe(ρe) and ρp(ρ, y) − ρe = ρµ(ρe), with
µp and µn defined in Eq. (19). Furthermore, one has
µe = (3π
2ρe)
1/3, ρp = yρ, ρµ = [(µ
2
µ −m2µ)3/2]/(3π2),
and µµ = µe, for mµ = 105.7 MeV and massless elec-
trons. Thus, for each input density ρ, the quantities ρe
and y are calculated by solving the restrictions for the
chemical potentials and densities simultaneously. The
output is used to compute ET (ρ, ρe, y) and PT (ρ, ρe, y)
as a function of the density.
In Fig. 4, we show the EoS of neutron star matter
under β-equilibrium for DD-vdW parametrizations con-
sistent with the flow constraint. All the PT ×ET curves
in the figure are consistent with the causal limit, i.e.,
the parametrizations are restricted to density ranges
in which v2s < 1. In these curves, one can observe
the effects of the bulk parameters. For example, it is
clear that K0 plays a major role in the EoS of the neu-
tron star matter, exactly as in the flow constraint, see
Fig. 3. A more careful inspection shows that the results
marginally depend on the symmetry energy. It is also
verified that the curves are also compatible with the re-
sults found by Steiner (Steiner et al. 2010) and Na¨ttilia¨
(Na¨ttilia¨ et al. 2016).
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Figure 4. Total pressure versus total energy density
for the DD-vdW parametrizations in β equilibrated mat-
ter. Violet band region: calculations extracted from the
Ref. (Steiner et al. 2010). Red and orange one: limits found
in Ref. (Na¨ttilia¨ et al. 2016).
The mass-radius diagrams of spherically symmet-
ric neutron stars are found from the solutions of the
Tolman-Oppenheimer-Volkoff (TOV) equations (Tolman
1939; Oppenheimer & Volkoff 1939). To solve such
equations, we take the β-equilibrated energy den-
sity and pressure under chemical equilibrium and
charge neutrality given by the DD-vdW model, along
with the Baym-Pethick-Sutherland (BPS) equation of
state (Glendenning 2000; Baym et al. 1971) in the low
density regime, namely, at 0.1581× 10−10 fm−3 < ρ <
0.008907 fm−3, in order to specifically describe the NS
crust. Certainly, a more profound study regarding a
detailed description of the crust (nonuniform and clus-
tered matter) of the neutron star (Oertel et al. 2017;
Ducoin et al. 2011; Atta & Basu 2014; Rueda et al.
2014; Carreau et al. 2019), even considering the pasta
structure in the inner crust, is important and addressed
to future works. Here we used a simple equation of
state, the BPS one, connected to the DD-vdW model as
a first approach to describe the stellar matter. In Fig. 5,
we show the mass-radius diagrams obtained from the
DD-vdW model.
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Figure 5. Mass-radius diagrams for some DD-vdW
parametrizations. The horizontal brown band indicates the
masses of the PSR J038+0432 (Antoniadis et al. 2013) pul-
sar. Outer orange and inner red bands: data extracted
from Ref. (Na¨ttilia¨ et al. 2016). Outer white and inner
black bands: data extracted from Ref. (Steiner et al. 2010).
Turquoise band: limits from the GW170817 event found in
Ref. (Abbot et al. 2018). M⊙ is the solar mass.
From the figure, one can see that the DD-vdW
parametrizations are consistent with the findings re-
lated to the PSR J0348+0432 pulsar, namely, MNS =
(2.01±0.04)M⊙ (Antoniadis et al. 2013), and also with
the calculations performed by Steiner (Steiner et al.
2010) and Na¨ttilia¨ (Na¨ttilia¨ et al. 2016). Another
observational range for the NS mass is given in
Ref. (Demorest et al. 2010) and is related to the PSR
J1614-2230 pulsar, in which MNS = (1.97 ± 0.04)M⊙.
These values were recently modified (shifted down) to
MNS = (1.928±0.017)M⊙ in Ref. (Fonseca et al. 2016).
The range of K0 for the parametrizations compati-
ble with the observational constraint of MNS ∼ 2M⊙
is 247.8 MeV 6 K0 6 251.5 MeV, with the sym-
8metry energy at the saturation density limited to
25 MeV 6 J 6 35 MeV. Once again, we restricted
the curves to a density range compatible with the
causal limit. For example, for the parametrization
in which J = 25 MeV and K0 = 247.8 MeV, the
causal limit allows the density range up to ρ/ρ0 = 5.66.
On the other hand, the maximum density reaches a
value of ρ/ρ0 = 5.00 for the parametrization in which
J = 35 MeV and K0 = 251.5 MeV. In the figure, we
also display the predictions of the LIGO/Virgo Collab-
oration for the radii related to the masses of the binary
neutron star system of the GW170817 event. We see
that the DD-vdW parametrizations are also consistent
with this constraint.
3.5. Tidal deformability calculations
In the stellar matter context, the tidal deformabil-
ity (TD) is the measure of the deformation in an NS
due to an external field. In case of a binary NS sys-
tem, the TD in one star is due to the gravitational
field created by its companion. In a brief mathemat-
ical language, one can say that Qij = −λεij is the
relationship between the TD (λ), the quadrupole mo-
ment Qij developed in the NS, and the external tidal
field εij (Hinderer 2008; Flanagan & Hinderer 2008;
Hinderer et al. 2010; Damour et al. 2012). The di-
mensionless TD (Λ) is written in terms of the Love num-
ber k2 as Λ = 2k2/(3C
5), where C = MNS/R is the
compactness of the NS and R is its radius. In terms of
yR ≡ y(R), the Love number is given by
k2=
8C5
5
(1 − 2C)2[2 + 2C(yR − 1)− yR]×
×
{
2C[6− 3yR + 3C(5yR − 8)]
+4C3[13− 11yR + C(3yR − 2) + 2C2(1 + yR)]
+3(1− 2C)2[2− yR + 2C(yR − 1)]ln(1− 2C)
}−1
(27)
where y(r) is found through the solution of r(dy/dr) +
y2 + yF (r) + r2Q(r) = 0 simultaneously with the TOV
equations, with F (r) = {1− 4πr2[ǫ(r) − p(r)]}/f(r),
Q(r)=
4π
f(r)
[
5ǫ(r) + 9p(r) +
ǫ(r) + p(r)
v2s(r)
− 6
4πr2
]
− 4
[
m(r) + 4πr3p(r)
r2f(r)
]2
, (28)
and f(r) = 1 − 2m(r)/r. The inputs for ǫ(r) and p(r)
are given by Eqs. (25)-(26), and the resulting neutron
star mass for each radius R is MNS = m(R).
In Fig. 6 we display the dimensionless TD of the sin-
gle NS as a function of its mass, for those DD-vdW
parametrizations predicting massive NS as found in
Fig. 5. From the figure, one can notice that Λ decreases
nonlinearly as the NS mass increases. Furthermore, the
TD of a canonical neutron star, Λ1.4, can also provide
a constraint on the EoS. The recent LIGO/Virgo detec-
tion of gravitational waves suggests values for Λ1.4 in-
side the range of 70 6 Λ1.4 6 580 (Abbot et al. 2018),
which help us to test DD-vdWmodel. Our findings show
that all parametrizations presented in Fig. 5 predict
Λ1.4 inside this range. Quantitatively, the maximum
value of this quantity for the DD-vdW parametriza-
tions analyzed is Λ1.4 = 527 (for K0 = 251.5 MeV
and J = 35 MeV), completely inside the limits from
the LIGO/Virgo collaboration. We can also verify from
Fig. 6 that Λ1.4 increases as both K0 or J increase.
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Figure 6. Λ as a function ofMNS for DD-vdW parametriza-
tions that produce massive neutron stars. Red circle with
error bar: constraint predicted in Ref. (Abbot et al. 2018).
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In Fig. 7, we show the dimensionless tidal deformabil-
ities Λ1 and Λ2 for a binary NS system having primary
9mass m1 and secondary mass m2, respectively. At low
orbital and gravitational frequency, the time evolution of
the latter is determined by a defined combination given
by M = (m1m2)3/5/(m1 + m2)1/5, with M being the
chirp mass. In this work we fixed the chirp mass atM =
1.188M⊙ and run m1 in the range of 1.36 6 m1/M⊙ 6
1.60 (corresponding to 1.17 6 m2/M⊙ 6 1.36) accord-
ing to the data from Ref. (Abbot et al. 2017, 2018). In
the figure, we also present two lines corresponding to
the 90% and 50% confidence limits obtained from the
LIGO/Virgo collaboration coming from the analysis of
the GW170817 event (Abbot et al. 2018). It is interest-
ing to note that the tidal deformabilities for all analyzed
DD-vdW parametrizations are inside the 90% credible
region. This interesting result incentive us to perform
further studies concerning our new developed DD-vdW
model also for other hadronic environments.
4. SUMMARY AND CONCLUDING REMARKS
We developed a density-dependent van der Waals
(DD-vdW) model by adopting the Carnahan-Starling
method of excluded volume over the original vdW
model. We also proposed a specific density dependence
for the attractive part of the interaction by adding the
n power shown in Eq. (15). Such a new parameter
was included as a generalization of the Clausius model
proposed in Ref. (Vovchenko 2017) to weaken the at-
traction and make our proposed model get closer to the
Fermi free gas. We have shown in Figs. 2 and 3 that
such a weakening is important in both cases, namely,
to push the break of the causal limit to higher den-
sities, and to impose agreement with the high-density
behavior of the thermodynamical pressure established in
Ref. (Danielewicz et al. 2002) (flow constraint). This
constraint is significant and widely used to built or
even to select relativistic hadronic models (Dutra et al.
2014; Kumar et al. 2018). Furthermore, the incom-
pressibility at the saturation density, K0, is also con-
trolled by fixing n. In our model we can ensure values
for K0 in the range of 220MeV 6 K0 6 260 MeV,
according to the current consensus for the value of this
quantity (Garg & Colo 2018).
We also performed a generalization in the model in
order to describe asymmetric systems. It was done by
introducing a new term in the energy density with one
more free parameter, adjusted to reproduce the symme-
try energy at the saturation density. This new term can
be seen as simulating the ρ meson exchange between
the finite nucleons (excluded volume included). Even
with such a simple assumption, the model was shown
to be compatible with some asymmetric nuclear matter
constraints. Indeed, such a coupling can be improved,
even with the inclusion of more free parameters, but we
consider it quite suitable for a first approach.
Equations of state for neutron star matter under
charge neutrality and β-equilibrium condition were
also calculated with the DD-vdW model. It was
shown that the mass-radius diagrams are in good
agreement with the x-ray observations performed by
Steiner (Steiner et al. 2010) and Na¨ttila¨ (Na¨ttilia¨ et al.
2016). The model is also compatible with the predic-
tions for the binary neutron star system concerning
the mass-radius diagrams obtained by the LIGO/Virgo
collaboration (Abbot et al. 2018). We also verified
that the model predicts massive stars in the range
of (1.97 − 2.07)M⊙, in agreement with observational
data from Ref. (Antoniadis et al. 2013). Furthermore,
we calculated the dimensionless tidal deformability of
a single neutron star as a function of its mass and
found a maximum value of Λ1.4 = 527 for the canoni-
cal star. This value and other ones also obtained from
the model are entirely consistent with the range of
70 6 Λ1.4 6 580 recently obtained by the LIGO/Virgo
collaboration (Abbot et al. 2018). Moreover, we have
calculated the tidal deformabilities Λ1 and Λ2 related to
a binary system and verified that the results obtained
are fully compatible with the observational boundaries
established from the analysis of the neutron star merger
event GW170817 (Abbot et al. 2018).
In summary, the results obtained from the calculations
performed with our new proposed DD-vdW model are in
agreement with the available predictions for symmetric,
asymmetric and stellar matter, including data from the
recent GW170817 event.
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